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mentioned earlier, this chattering arises from the excessive supply
of control input to relatively small oscillations. This chattering is
reduced for the lower levels of control current by trading off decay
time.

By employing the PAC, the chattering was completely eliminated
without deteriorating the decay time. This implies that the PAC algo-
rithm produces relatively small adverse control force associated with
the input current in the settled phase. The threshold tip deflection
(y.1), which decides the activation time of the PAC, was 0.73 mm
in this realization. On the other hand, for the implementation of the
SMC the discontinuous feedback gain k = 0.7 was employed. With
the feedback gain and imposed initial conditions, the optimal value
of ¢ = 6.9 was determined to minimize the performance index J
given by Eq. (10). It is seen that the tip deflection was favorably
suppressed without the unbalancing phenomenon that occurred in
the CAC and the PAC. Note that the control characteristics of the
SMC depend on the design parameters k and c.

" Conclusion

An active vibration control utilizing the SMA actuators has been
undertaken to suppress the bending vibrations of a cantilevered
beam. A modified CAC was proposed and successfully implemented
to eliminate undesirable chattering in the settled phase. In addition,
superior control performance was demonstrated by employing the
SMC. The control effects attributable to the number of actuators and
the location of the actuators are to be studied in the future.
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Introduction

URRENT studies of single-stage-to-orbit (SSTO) launch ve-

hicles are focused on all-rocket propulsion systems.> One op-
tion for such vehicles is the use of dual fuel [liquid hydrocarbon and
liquid hydrogen (LH,)] for a portion of the mission.3~% Compared
with LH,, hydrocarbon fuel has higher density and produces higher
thrust to weight but has lower specific impulse. These advantages of
hydrocarbon fuel are important early in the ascent trajectory, where
vehicle weight is high, and its use may be expected to lead to re-
duced vehicle size and weight. Because LH; is also typically needed
for cooling purposes, in the early portion of the trajectory both fuels
usually must be burned simultaneously. Later in the ascent, when
vehicle weight is lower and thrust requirements are less, specific
impulse is the key parameter, indicating single-fuel LH, use.
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ENGINEERING NOTES

Two recent papers™® have considered the optimization of dual-
fuel SSTO vehicles. Included in the studies was a determination of
M, the Mach number at which to transition from dual-fuel mode
to LH, operation to minimize vehicle empty weight. Both of these
references treat M, as an external design parameter, which must be
optimized by iterative design evaluations.

In this Note, a guidance algorithm is developed that determines
whether dual-fuel or single-fuel operation is superior as an integral
part of the trajectory integration. This approach saves a substantial
number of iterations of a computer design code by reducing the
number of design variables and hence the number of design itera-
tions required in a vehicle optimization study. Further, the guidance
law will be directly usable as part of a real-time, onboard propulsion
control system.

The basis of the guidance law is the energy-state dynamic model.
The key idea is to introduce the total mechanical energy as a state
variable and then to neglect all other dynamics. This results in a func-
tion optimization problem. When flight-path optimization is done
with this model, simple rules for the optimal path and for the optimal
operation of propulsion system are obtained. This dynamic model
has been used successfully many times to obtain effective guidance
laws for a wide variety of aircraft and missions (see Ref. 7 and the
references therein for a review of this work). The energy-state ap-
proach is particularly suitable for launch vehicles because efficient
energy accumulation (or equivalently maximizing total AV) is the
primary trajectory optimization goal.

In a series of papers,’® we have used energy-state methods to de-
velop algorithms for ascent trajectory optimization and optimal op-
eration of single-fuel multimode propulsion systems. In particular,
the operation of propulsion systems with two separate engines, air-
breathing and rocket, was investigated.” The present Note extends
those methods to the dual-fuel case. The main goal is to determine
M, and to investigate optimal trajectories.

In the numerical results, vehicle performance is computed using
the NASA Ames Research Center code HAVOC. HAVOC integrates
geometry, aerodynamics, propulsion, structures, weights, and other
computations to produce point designs for a wide variety of launch
vehicles. It is capable of iteratively determining closed vehicles, that
is, designs that meet specified payload mass and volume require-
ments for a specified mission. Although the trajectory guidance
law is based on the energy-state model, the trajectory integration
in HAVOC uses a point-mass model, including the effects of the
Earth’s rotation, the Earth’s curvature, and variable gravity.

Optimization Function

The energy-state model is obtained by using the total mechanical
energy per unit weight as the state variable’”:

E=P (1)
W = —(T/Isp) @
where
E =[hR/(R+ )]+ (1/28)V? 3
and
P = (V/W)T, — D) @

and where the drag is evaluated at the lift required for equilib-
rium of forces perpendicular to the flight path. In these equations,
E,P,W,T,Isp,h, R, V,g,T,, and D are energy per unit weight,
specific excess power, weight, thrust, specific impulse, altitude, the
Earth’s radius, gravitational acceleration at the Earth’s surface, com-
ponent of thrust along the velocity vector, and drag, respectively.
For an SSTO mission, what is desired is a trajectory that gives
the minimum-empty-weight vehicle to put a given payload mass
and volume in orbit. Because the density of liquid hydrogen is low,
the sensitivity of perturbations in volume needs to be taken into
consideration as well as mass sensitivity, and it is therefore necessary
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to minimize a weighted sum of propellant weight and volume. Thus
we introduce the cost functional

¢ = Wp + Kup ®)

where K € [0, co) is a weighting parameter to be chosen later.
The quantity to be minimized for a given energy gain is

br i Ey ¢
J’:/ d¢=f ¢dz=/ S dE (6)
do 1o Eo

where Eq. (1) was used. It is assumed that ¢ > 0, P > 0, and E is
monotonically increasing. If the propellant density is p = Wp /vp,
then from Eqs. (2) and (5), and using Wp = —W,

¢ =Wp+ K(Wp/p) = (T/Isp)[1 + (K/p)] )

For convenience, we choose to invert the integrand in Eq. (6) and
maximize; from Egs. (1), (6), and (7), the quantity to be maximized

is
Er
J = / FdE [®)
E

1]
where

F = LIS_P_(_TLR)_ )
WT[1+ (K/p)]

The guidance algorithm then consists of selecting propulsion system
and trajectory parameters that maximize the function F as given by
Eq. (9) at each energy level along the trajectory, subject to any
relevant constraints.

For vehicles capable of either dual- or single-fuel operation, the
densities to be used in Eq. (9) are

orpopr(1+nor + nur)
PDF = (10)
(Popor + NorPrPH + NERPROO)

_ popr(l +non)

11
(o + nowpr) (an

PSF

where subscripts DF, SF, R, O, and H refer to dual fuel, single
fuel, hydrocarbon, oxygen, and hydrogen and ngg, nom, and nog
are mass-flow ratios.

SSTO vehicles are typically subject to dynamic pressure con-
straints and a maximum tangential acceleration limit. The latter
limit, nominally 3 g, is met by engine throttling. It may happen that
the limit affects dual-fuel operation but not single-fuel operation at
a point along the trajectory. All of these constraints are accounted
for in the guidance algorithm.

In addition to being a useful tool in preliminary design studies,
the guidance algorithm should be ideal for use in an onboard real-
time control system because 1) it is fully nonlinear and models all
of the vehicle’s significant nonlinearities, 2} it is algebraic and thus
does not rely on potentially unstable numerical integrations, and 3) it
depends directly on easily measured vehicle states and parameters.

Numerical Results

All numerical examples will be based on an SSTO rocket with a
delta winged-body configuration.? The three propellants (hydrocar-
bon fuel, LH,, and liquid oxygen) are stored in three separate internal
tanks. The vehicle takes off vertically and lands horizontally. The
first results to be presented use a fixed trajectory commonly used
for SSTO rockets.

As a first step, the best transition Mach number M} was deter-
mined by treating this parameter as a single external design variable,
as was done in Refs. 5 and 6. This required several iterations of the
HAVOC. The results are that both minimum liftoff weight (Wro)
and minimum empty weight (Wg) are obtained at about M,y = 9.0
and that the weight savings at M are substantial relative to low
values of M.
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Before applying the developed guidance law to this problem, the
best value of K must be determined. This is done by computing
closed vehicles for a range of values of K. It was found that a
value of K = 4 1b/ft?, denoted hereafter by K*, gives very nearly
a minimum of both empty weight and gross liftoff weight, and this
value will be used throughout the rest of the paper. This value of
K* represents a factor of over 10 in weighting the cost functional
in favor of propellant mass (a value of K = p would signify equal
weighting of propellant mass and volume). The use of the opti-
mally weighted cost functional saves 1.7% in empty weight and
1% in gross liftoff weight, relative to minimizing propellant weight
only.

Itis of interest to compare these results with the equivalent results
for an air-breathing launch vehicle, as shown in Fig. 2 of Ref. 9.
For the air breather, the best value of K is also around 4, but the
empty weight reduction relative to minimizing propellant weight
only is much larger, at 4.9%; this is, of course, because all of the air-
breather propellant is low-density LH,, and therefore this vehicle is
more sensitive to volume perturbations.

Figure 1 plots the function F along the fixed trajectory. Whichever
mode of operation, dual-fuel or single-fuel, that gives the highest
value of F at a given speed should be the one selected at that speed.
The figure shows that from liftoff to M = 9.0 the dual-fuel mode
is superior, and above this speed the single-fuel mode is best. This
value of M} = 9.0 agrees with the value determined by treating M,
as a design variable, thus validating the guidance law. The value of
M as determined in Ref. 5 was in the range 8.6-8.9, and for Ref. 6
it was in the range 7.3-7.4.

The relative distance between the two curves on Fig. 1 provides
an assessment of the difference in performance between the two
modes at a given Mach number. It is seen that both modes give
substantially the same performance between M = 7 and 11. This
relative insensitivity to M,,, characteristic of a design variable near
its optimal value, was also observed in Ref. 5. The use of the single-
fuel LH, mode becomes increasingly advantageous as Mach number
increases past 11.

The function F was also used to optimize the ascent trajectory
(Fig. 2). The dashed lines running between the maximum and min-
imum dynamic pressure limits are lines of constant energy. Com-
pared with the fixed trajectory, the near-optimal one has increased
dynamic pressure, especially in the initial dual-fuel mode. The plot
of F for the two modes along the optimal trajectory is very similar
to Fig. 1, except that M is now 9.6. The near-optimal trajectory
consumed less fuel in the amount of 0.9% of W, o than did the fixed,
almost all of the difference occurring in dual-fuel mode.
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Fig. 1 Cost functional histories for dual- and single-fuel propulsion
modes.
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Fig. 2 Fixed and optimized flight paths.

Conclusion

A simple guidance law for operation of dual-fuel SSTO launch
vehicles has been developed and used to determine the optimal value
of the transition Mach number from dual fuel to single fuel. For
the example considered, the optimal transition Mach number was
9.0 along a fixed trajectory. Along an optimal trajectory, the best
transition Mach number was 9.6; the optimal trajectory had higher
dynamic pressure than the fixed, particularly in dual-fuel mode.

In the future, the guidance method described in this Note easily
could be extended to optimize other propulsion system parameters,
such as flow rates of individual propellants in multipropellant en-
gines. Because the guidance algorithm is internal to the trajectory
optimization routine, its use will save many iterations of a prelim-
inary design computer code relative to treating these parameters
as external design variables. The guidance law is highly accurate,
robust, and simple to implement, also making it ideal for use in a
real-time onboard control system for an SSTO launch vehicles.
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Effect of Damping
on the Structure of the
Time-Optimal Control Profile

T. Singh*
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1. Introduction

T HERE exists a significant body of work that addresses the
design of time-optimal controllers. Singh et al.,! Ben-Asher
et al.? Liu and Wie,? and Singh and Vadali* study the problem of
design of time-optimal controllers for flexible slewing structures,
which are represented by finite-dimensional linear dynamical mod-
els. Liu and Wie® and Singh and Vadali* also address the problem of
desensitizing the time-optimal controller to errors in system param-
eters. The problem of time-optimal reorientation of spacecrafts has
been addressed by Billimoria and Wie,* who noted a change in the
control structure from a seven-switch to a five-switch profile with an
increase in the maneuver. A survey of the problem of time-optimal
attitude maneuvers has been provided by Scrivener and Thompson.®
Pao,” via a parametric study of a damped floating oscillator, exem-
plified the existence of three- and five-switch time-optimal control
profiles. The damping ratios corresponding to the transition of the
control structure were determined by a parametric study.

This Note proposes a simple technique to determine the transi-
tion of the control profile from one structure to another. A damped
floating oscillator with the same system parameters as used by Pao’
is considered to illustrate the proposed technique, where the values
of the damping ratio that corresponds to the transition from a three
switch to a five switch and, finally, to a three-switch control profile
are determined.

II. Existence of Control Profile Transitions
The time optimal control for the system

X = Ax+bu (H
is given by the equation
u = —sgn(ATh) 2)

where x € R" is a vector of system states, A € R" is the costates
vector, and u € R™ is the control vector.

It can be seen from Eq. (2) that the control input changes sign when
the switching function A" b passes through zero. With the variation
of certain parameters in the control problem, additional switches can
be introduced into the control structure either at the initial time or
final time or at some time in between the initial and final time. If there
exists a control profile transition effected by switches appearing at
the initial or final time of the ith control input, the equation that has
to be satisfied is

Wby =0 )

at the initial or final time, respectively, since only one switch can en-
ter from either end of the time boundaries. The variation with respect
to the system parameters of the initial costates has been assumed to
be smooth. If two switches are introduced simultaneously at both
ends of the time boundaries, then Eq. (3) has to be simultaneously
satisfied at the corresponding time instants. Since the costates are
smooth functions of time, if the switches appear in between the ini-
tial and final time, then two switches are introduced simultaneously
and the transition occurs when the equations

Wby =0 @
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